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C^ . Abstract The aim is to determine the derivations of the three series 

of finite-dimensional Z-graded Lie superalgebras of Cartan-type over a 
field of characteristic p > 3, called the special odd Hamiltonian super- 
algebras. To that end we first determine the derivations of negative 
►^ . Z-degree for the restricted and simple special odd Hamiltonian super- 

QQ ' algebras by means of weight space decompositions. Then the results 

0> . are used to determine the derivations of negative Z-degree for the non- 

^^ ' restricted and non-simple special odd Hamiltonian superalgebras. Fi- 

nally the derivation algebras and the outer derivation algebras of those 
r^ ' Lie superalgebras are completely determined. 
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0. Introduction 

We work over a field F of positive characteristic. Using the divided powers alge- 
bras instead of the polynomial algebras one can construct eight families of finite 
dimensional Z-graded Lie superalgebras of Cartan-type over F, which are analo- 
gous to the vectorial Lie superalgebras over C (see [l|, IsJ, |j, ll5| , for example) . All 
these Lie superalgebras are subalgebras of the full (super) derivation algebras of the 
tensor products of the finite dimensional divided algebras and the exterior alge- 
bras, which are viewed as associative superalgebras in the obvious fashion. The 
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derivation algebras were sufficiently studied for the modular Lie superalgebras of 
Cartan-type mentioned above (see 2. 6. 9. lCtll4l.ll6l|'). except the so-called special 
odd Hamiltonian superalgebras (see [5|). 

The present paper aims to determine the derivation algebras of the special odd 
Hamiltonian superalgebras, especially, the outer derivation algebras. Our work is 
heavily depend on the results obtained in [5| and contains certain results obtained 
in 2005 in the thesis for master-degree by the third-named author !lll|. We should 
mention that we use the method for Lie algebras [12i] and benefit much from reading 
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1. Preliminaries 

Hereafter F is a field of characteristic p > 3; Z2 := {0, 1} is the field of two ele- 
ments. For a vector superspace V = Vq ®Vi, we denote by p(a) ~ 9 the parity of 
a homogeneous element a G Vg, € 7^2- We assume throughout that the notation 
p(a::) implies that a; is a Z2-homogeneous element. N and No are the sets of positive 
integers and nonnegative integers, respectively. Let m > 3 denote a fixed positive 
integer and N™ the additive monoid of m-tuples of nonnegative integers. Fix two 
m-tuples t:— (ti, . . . , tm) £ N™ and tt := (vri, . . . , tt™) e N™, where tTj := p*' — 1. 
Let 0{m;t) be the divided power algebra with F-basis {x^"-* | a G A{m;t)}, where 
A(m;t) := {a G Ng^ | a, < n,}. Write |a| := S^^a,. For e, := ((5,i,fe, • . • ,<5™) G 
A{'m;t), we usually write Xi for x^'^'' , where i — 1, ... ,771. Let A(to) be the exte- 
rior superalgebra over F in m variables Xm+i,Xm+2, • • ■ , X2m- The tensor product 
0{m,m;t) :— 0{m;t) (X>f A(to) is an associative super-commutative superalgebra 
with a Z2-grading structure induced by the trivial Z2-grading of 0{m;t) and the 
standard Z2-grading of A(m). For g G 0{m,t), f G A(m), write gf for g® f. Note 
that xt")^^'^) = ("+^)a;("+/5) for a,/3 G N™, where ("+^) := n™i ("'j",''0- Let 

B(m) := {(ii,i2,. ■ ■ ^ik) \ m + \ < ii < i2 < ■ ■ ■ < ik < 2m; fc G 0, m} . 

For u :— (ii,«2, ■ • • ,*fc) G B(m), write \u\ :— k and x" := Xj^x^j • • • x,;j.. Notice 
that we also denote the index set {ii, ^2, • ■ • , ifc} by u itself. For u,v G M{m) with 
w n u = 0, define u -I- u to be the unique element w G IB(to) such that w = uU v. 
Similarly, if u C u, define li — u to be the unique element w G M{m) such that 
w = u\v. Write uj — {m + l, . . . , 2m). Note that 0{m,m;t) has a standard F-basis 
{x(")x" I (a, It) G A X B}. Put Yo := T~m, Yi := m + l,2m and Y := T^2m. Let 
dr be the superderivation of 0(rn,m]t) such that 

"^"^"^ "" l-\ x(")9x75x„ iG Yi. 

The generalized Witt superalgebra W {m,m;t) is spanned by all frdr, where fr G 
0{m,m;t), r G Y. Note that W{m,m;t) is a free O (to, to; t)-module with basis 
{dr I r G Y}. In particular, W{m, m;t) has a so-called standard F-basis {x*^"'x"(9r | 
(a,M, r) G A X B X Y}. Note that O {m,m;t) possesses a so-called standard Z- 
grading structure O {m, m; t) — ^^=0 ^("^7 "^5 t.)r by letting 



0{m,m;t)r :— spanpfx^^^x" | |a| + \u\ = r}, ^ := \tt\ + to = yj p 
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This induces naturally a Z-grading structure, also called standard, 

W{m,m;t) — ^ VF(m, m;t)i, 

where 

W(m,m.\t)i -.^ spaiiflfdr | r G Y, / G 0{m,m;t)i+i}. 

Put 

i + m, ifiGYo , .^ _ J 0, ifiGYo 

i-m, ifiGYi, ^^*'' •" \ T, ifiGYi. 

Clearly, p{di) = fJ-{i)- Define the linear operator Th : 0{ni,m;t) — > W{m,m;t) 
such that 

TH(a) := ^(-l)P(^')P(")a,(a)5,. for a G 0{m,m;t). 

Note that Th is odd with respect to the Z2-grading and has degree —2 with respect 
to the Z-grading. The following formula is well known: 

[TH(a),TH(6)] = TH(TH(a)(6)) fora,6 G 0{m,m;t) 

and 

HO{m,m;t) := {Tuia) \ a e 0{m,m;t)} 

is a finite-dimensional simple Lie superalgebra, called the odd Hamiltonian super- 
algebra 0,1]. Put 

HO(ra, m; t) :— HO{m, m; i)o © HO{m, m; t)i 

where for a G Z2, 



HO{m,m;t)a '■ = s 7, '^j^j ^ W{m,m;t)a 



ieY 



d^{af) = (-l)^W^(^')+(^W+^(j'»("+^)9j(a,0,*,i e Y 



We state certain basic results in [10|, Proposition 1], which will be used in the 
following sections: 

(i) Both HO{m, m; t) and HO{m, m; t) are Z-graded subalgebras of W{m, m; t), 

f-2 ?-i 

HO{m,m;t) = HO{m,m;t),; HO{m,m;t) = HO{m,m;t),. 



(ii) HO(in, m; t) is a Z-graded ideal of HO{m, m; i). 
(iii) ker(TH) = F • 1. 
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Let div : W(rn,m]t) — > 0{m,m;t) be the divergence, which is a hnear mapping 
such that 

dwifrdr) = (-l)P(^'-)P(^'-)9^(/,.) for allr e Y. 

Note that div is an even Z-homogeneous superderivation of W{m,m;t) into the 
module 0{m,m;t), that is 

div[£;,7:>] = £;(divi:>) - (-l)P('^)P(^)D(div^) for all D,E e W{m,m;t). (1.1) 

Putting 

S'{m,m;t) := {D e W{m,m;t) \ div{D) ^ 0}, 
S{m,m;t) := {D £ W{m,m;t) \ div(L>) G F}, 

we have: 

(i) Both S'{m,m;t) and S{m,m;t) are Z-graded subalgebras of W{m,m;t): 

C-i _ C-i _ 

S'{m,m;t) — ^H S'{m,m;t)i] S{m,m;t) — ^H S{m,m;t)i. 

(ii) S'{m, m;t) is a Z-graded ideal of iS'(7ti, m;t). 

Here we write down the following symbols which will be frequently used in the 
future: 

m 

A:=^A„ A,:=dA- forieYo; 

i=l 

Vi(a;("'x") ■.= x^°'+'''>Xi'x'' ior{a,u) e AxB,ie Yq; 

r^=VjA, fori,jGYo; 

I(a,w):={zeYo| A,(x(")a;")^0}; 

i(a,7/):={iGYo| V,(x(")a:")^0}; 

V* ~ {x(")2;" I I{a,u) ^ 0,I(a,M) ^ 0}; 

Vi := {x^°''>x" I I{a,u) =i{a,u) = 0}; 

2?2 := {a;("^a;" | I(a, u) = 0, I(a, u) 7^ 0}. 

In this paper we mainly study the three series of Lie superalgebras: 

SHO{m,m;t) :— S'irn, m;i) n HO{m,m;t), 
SHO{m,m;t)'^^^ := [SHO{m,m;i), SHO{m,m;t)], 
SHO{m,m;t)^^'> := [SHO{m,m;t)^^\SHO{m,m;t)^% 

called the special odd Hamiltonian superalgebras. By [5, Theorem 4.1] they are 
centerless and SHO{m,m;tp^' is simple. Further informations for these Lie su- 
peralgebras can be found in [J, l5| • 

Convention 1.1. For short, we usually omit the parameter {m,m;t) and write Q 
for SHO. Som,etime we also write g(i) for g{m,m]t) for t G N™. 
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We close this section by recalling the following general notion and basic facts. 
Suppose X is a finite dimensional Z-graded Lie superalgebra, X = (Bi<£zXi. By 

DerX := Dero^ © DeriX 

denote the derivation algebra of X, which is also a Z-graded Lie superalgebra, 

DerX = Y^ Der^X 

where 

Der^X = {0 G DerX | (/)(Xt) C Xt+,, Vt G Z}. 

As in the usual, write 

Der"X := spa,np{4> G Der^X | i < 0}, Der+X := spaupj^ G Der^X \i>0}, 

called the negative and nonnegative parts of the derivation algebra of X, respec- 
tively. The element in Der~X is called negative degree derivation and the element 
in Der X is called nonnegative degree derivation. 

2. Restrictedness and negative derivations 

As mentioned in the introduction our main purpose is to determine the deriva- 
tions of the special odd Hamiltonian sup eralgebras . Motivated by the method used 
in the modular Lie algebra theory |12l. Lemma 6.1.3 and Theorem 7.1.2], in this 
paper we do not compute directly the derivations of the non-restricted and non- 
simple special odd Hamiltonian superalgebras but determine firstly the derivations 
(especially, those of negative degree) of the restricted and simple special odd Hamil- 
tonian superalgebras. From [5| the Lie superalgebra g"-' is simple. Since we need 
the restrictednees of the Lie superalgebras under considerations in the process of 
determining derivations, in this section we first show that g^'^' (t) is restricted if and 
only ii t = 1. Since a derivation is determined by its action on a generating set, 
we next give a generating set of the restricted Lie superalgebra g'-^-'d). Finally, we 
determine the derivations of negative Z-degree for Q'-^\m, m;l), since it is enough 
for determining the derivations in the general case in the subsequent sections. 
Let us introduce some symbols for later use: 

2li := {TH(a;(")a;") | I(a, u) = I(a, u) = 0}; 
2I2 := {TH(a;(")x") I I{a,u) = 0,I(a,w) ^ 0}. 

We also write down some facts in [5|: 

(i) [i Lemma 2.2] For / G 0{m,m;t), Th(/) G g if and only if A(/) = 0. 

(ii) [5|, Theorem 2.7] g is spanned by tj |J 2li IJ 2I2 and g is a Z-graded subalgebra 
of W{m, m;t), g = (SiZ^iBi- Then g is spanned by the elements of the form 

Th[x("'x"- Y ^(a;^"'^:")') qel{a,u). (2.1) 
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For convenience, we call x^^^a;" a leader of the element (|2.ip . 

(iii) [51 Corollary 3.5] g^^^ is spanned by C^ [J 2t2 and g^^^ is a Z-graded subalgebra 
of T4/'(m,TO;t), g^^^ = ©f=li(fl^^'')i- Moreover, 

Put 2? = 2?2 U D*. By (pjj) . g^^) is spanned by the elements of the form 

ThU(")x"- ^ rf(a;(")2;")j ge7(a,M), x^^^a;" £ P. (2.2) 

^ iGl(a,u) ^ 

(iv) % Theorem3.8] g^^) is aZ-gradedsubalgebrasof Ty(m,m; i), g^^) ^ ©^^^^(g^^))^ 
Moreover, 

(0^'^).-i = [(0''')-i,(0^'^w, o<z<e-5. 

Theorem 2.1. g^^-'(i) is restricted if and only if t = 1. 

Proof. Suppose t — 1. Note that W{m,m;l) is the full derivation algebra of the 
underlying algebra 0{m, m; 1). One sees that W{m, m; 1) is a restricted Lie super- 
algebra with respect to the usual p-power (mapping) and that the p-power fulfills 
that {xidiY = Xidi for i e Y and vanishes on the other even standard basis ele- 
ments, as in the Lie algebra case. Thus it is sufficient to show that the even part of 
g(^)(l) is closed under the p-power. Note that the even part of g^^^l) i^ spanned 
by the elements of the form 



^ iel{a,u) ' 

where |u| is odd. It is sufficient to show that A^ G 0'^''(i)- We shall frequently use 
the formula below without notice: 

rp ^ a «-.p ^ f TH(a;"a:"), if a;"a;" = XiXi^ , for i e Yq, 
^ ' \ 0, otherwise, 

which is a direct consequence of [7|, Proposition 5.1]. 
If ^'■"•'a;" = XiXi' for i e Yq then 

AP = (T-nixiXi' - TjxiXi')Y = Tii{xiXi' - T'^^XiXi') G g'^^Hl), q G Yq, q y^ i. 

Now assume that x^"'x'^ ^ XiXi' for i G Yq and let us show that A^ — 0. 

Case 1: \u\ > 1, that is, \u\ > 3. Then x'^x'^-^'''^-^^'> = a;""^*'^^""^-'''^ = 0. It 
follows that [TH(a;(")a;"),TH(r«a;(")a;")] = and hence Ap = 0. 
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Case 2: |m| = 1. Suppose u = {i'}, i e Yq. Since A is a derivation of 0{m, m;l), 
it suffices to show tliat Ap{xj) — for all j & Y. We consider the following two 
subcases: 

Subcase 2.1: j e Yq. We have 

A{xj) = for j e Yo\{i,g}; 

AP{xj) = ax^P'^-'-P-^^'^'^ = for j = i; 

AP{xj) = bx^P''~P'^+''->'> ^0 ioij = q, 

where a,b e¥. 

Subcase 2.2: j e Yi. We have 

AP{xj) = cx'^P''-^P-^^'''~''r'>x^> - rfa:(P"-P"*-^^'+^')x,', (2.3) 

where c, d G F. In particular, 



(Tii{x^'^+'^''>x,>) - x^^'^'^Xj^ {xj) = t^ ]'■ 



(2.4) 



The equations (|2.3I) and (12.41) show Ap{xj) = unless a = Si + £ji with distinct i, 
f and q. Note that 

[TH(a;(^*+^^')xiO,TH(a;(''^'+^')a;,'] = for distinct i,j', q E Yq, 

which implies that 

Th(2;("'+"^')x/ - x^^^'-'+^'^a;,')'' = 0. 

In conclusion, Ap G fl^^Hl) ^-i^d hence 0*^^''(1) is a restricted Lie superalgebra. 

Suppose conversely that ^'•^•'(t) is a restricted Lie superalgebra. Then for every 
i G Yq, {a.ddi)P is an inner derivation and (ad^i)^ is of Z-degree > —1. On the 
other hand we have {addiY G Dcr_p(g'^^^ (!_)). Consequently, {addi)P = for all 
i G Yq which forces t=l. The proof is complete. D 

The following lemma is simple but useful, the proof is similar to the one of the 
Lie algebra jlSl, Proposition 3.3.5]. 

Lemma 2.2. Let L ~ ®i^^r-^i ^^ '^ simple, finite dimensional, and li-graded Lie 
superalgebra. Then the following statements hold: 

(1) L_,. and L^ are irreducible L^-modules. 

(2) [Lq,Ls\=Ls, [Lq, i-r] = -^-r- 

(3) Cl,_i(Li)-0, [Ls-i,Li]=L,. 
{A) Cl{L+) = Ls, CL{L-) = L^r- 

Remark 2.3. Let T :— spanpJTi-,- = T}i{xiXii — XjXji) \ i,j G Yq, i ^ j}. 
Obviously, T is Abelian. From the proof of Theorem \2.1\ we know (Tij)P = Tij 
which shows Tij is a toral. Consequently, T is a torus of g. In particular, T is a 
torus of the restricted Lie superalgebra of Q^'^'{1). A direct computation shows that 

[T,,,TH(a;(")x")] = {S,,<,u ~ S.^^u ~ m + a,)Tii{x^^'>x''). (2.5) 
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Furthermore, 



^ iGl(a,«) 

■iGl(Q,u 



/or (? G Yo . 



Lemma 2.4. Let L = ©f=_j.-^« ^^ '^ simple, finite- dimensional, and Z-graded Lie 
superalgehra. Let M C L be a subalgebra that contains L_i ©Li. Lf M r\Ls-i ^ 0, 
iften M = L. 



Proof. This is a direct consequence of Lemma 12.21 D 

Lemma 2.5. g^^Hl) ^^ generated &?/ fl'^^HD-i ffifl'^HDi- 

Proof. Recall that g'-^Hl) = g'-^-'(TO,m;l) is a graded subalgebra of M^(l)- Let M 
denote the subalgebra generated by 0^^)(l)_i ©0'^^(l)i. We proceed by induction 
on m. 

Suppose TO = 3. Assume that 0''^-'(3, 3;l)i C M for some i e 1, 3p — 6, and let A 
be an element of g(2)(3,3; l)j+i with a leader x'^^x" (cf ^^), that is 

^ iel(a,«) ^ 

Note that I(a, u) 7^ 0. It is clear that 4 < |a| + |u| < 3p - 3. Let us show A e M. 
We only have to consider the following cases: 

Case 1: \u\ — and \a\ > 4. One may assume without loss of the generality that 
ai > 2. Then 



2 -aia2JTH(x("))= [TH(x("-"^)),TH(x(^"^)xp-a;(^^+^=)x2')]- 

(i) If q;2 = 0, the equation shows that TH(a;^"^) £ M. 
(ii) If a2 7^ 0, we have 

(^^^^1^ -«i«2)th(x(")) = [Th(x("--)),Th(x(^-W -x(-+-)xiO]. 

If 

ai(ai-l) a2(a2 - 1) „ , , x 
aia2 = aia2 = U (mod p) 

we obtain ai = ^2 = P ^ 1- Then 03 < p — 1. Since 

(l + a3)TH(x(")) = [TH(x("-^^)),TH(x(2"^)xr -x(^^+^^)x3')], 

we have TH(a;(")) e M. 

Case 2: |u| = 1, jaj > 3. One may assume without loss of generality that u = {!'}. 



Derivations of the special odd Hamiltonian superalgebras 

(i) Suppose tti = and a2 > 2. We have 
'a2{a2 — 1 



+ a2')TH(a;(")a;iO 



2 

and then Tuix^"^ xy) e M if ""^"^'^^^^ + aa 7^ (mod p). On the other hand, if 
°'^^°'^ — i + a2 = (mod p), we obtain a2 = p — 1. Then a^ < p — 1. Since 

(l + a3)TH(x(")a;iO = [Th{x^^-'-'>x,,),Th{x^^'-^X2' - x^'^+'^'^xy)], 
we have A e M. 

(ii) Suppose ai > 0. One can assume that a2 < p — 1. From Case 2 (i) we have, 
when a^ < p — 1 

Tii{x^°''>xr -Tlx^'''>xi,) 

When as = p — 1 

TH(.T("'a;i--r2a;(")a;i.) 

Similarly, we can obtain TH(a;*-"''a;i' — TiX^^'xy) G M, when a^ < p — 1. 

Case 3: |u| — 2, \a\ > 2. One can assume that u ~ {!', 2'}, as < p — 1. 
(i) Suppose ai = a2 = 0. Applying case 2 (i) wc have 

= ^—-[TH{x'^''^xv),Tii{x^'^'^X2'X3'-Tlx<-'^^h2'X3')] eM. 

as + i 

(ii) Suppose ai > 0, ai < p — I or a2 < p — 1. From Case 2 (ii) and Case 3 (i) we 
have 

{a3 + l)Tii(x^"^xi,X2' - J2 ^lx^"^xi,X2'j 

= [TH(a;("^'^^'a;i.a;2'),TH(a;("-("3-i)^^)a;3' -r|a;("-("^-i)^^'a;3')] G M, 
where g = 1 or 2 such that aq < p — 1. 

(iii) Suppose ai = 0:2 = p — 1, as < p — 2. Applying Cases 2 and 3 (ii), we obtain 



THix^'^'>xi,X2'- Yl r^a;(")a;i/a;2' 
^ re{i,2} 

GM. 
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Now suppose m > 3. Let 



where 



L := spanjpjX}, 



rGl(a,it) 



a — aiEi + a2ei + azEz 

uc{l',2',3',} 

|a| + |u| < 3p-3 ^ 



C0(^' ID- 



Let 

where 



L' := spanylX'}, 



rGl(a,t(.) 



a^ =0, i e {1,2,3} 
udJ :==cj-{l',2',3'} 
|q:| + |u| <{m — 3)p — 3 



Cfl(^)(l). 



Obviously, L = 0(2) (3^ 3.1) and V = ^'^'^\m -Z.m-Z-.V). 

Let £ := (p - l)(£i + £2 + £3), ^' :== (p - l)(e4 + • ■ • + £m), •? := f + •?'• The 
induction hypothesis are apphcd to these algebras yield: 

H := Th(x(^"''i)x3/ - x^^^'^'^^xi-) £ I C M, 

O' :=Th( x(^'-"'"-i-'^™)x"'-<"-i'> 



^ r;"-ix(^'-'''"-i-'''")x"'-<"-i'> ) e i' C M, 



where A — \{Z' — £m-i — Sm-,<^' — {m — 1')). Noting that 

= [Th(x(^'"-i+^'")x20,Th(x(^i+^^)x,„,)] e M 
and 



B:^ [n,n] = -Th(x(^+''" 



'X3/ - X 



(£-£3+£m_l+em) 



Xyn') e M, 



we have 






J-e3-em)^w'-(m-l'> 



.(£-e3-em)^t^'-(m-l'> 






rwp- 



Note that 

I(f - £3 - £„, cj' - (m - 1')) = I(£" - £„_i - £„, w - (m - 1')). 
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Putting 

we have 

\D,C] = T^(x(£-^3-^',^)x'^-i3')-i"^') 






3^(£-e3~£m)j,i^-{3')~{m') 



r'ew\{l',3'} 

- (-1)™-^Th L^£~^^--^^)x'^-(2')-(3') 

r'ew\{2',3'} 

V p3^(e-e3-e™-i)2,<^-(3')-(m-l') 

r'Gcj\{3', rn— 1'} 

Applying Lemma 12.41 we have fl^^Hi) — ^^i which is generated by g'^-'(l)_i © 
0(2) (l)i. D 

Lemma 2.6. Lei L = ®f^_r^i ^^ ** "L-graded and centerless Lie superalgebra and 
T d Lq n Lq be an Abelian subalgebra of L such that adx is semisimple for all 
X Cz T. If ip E DerF(L) is homogeneous of degree t, there is e G Lt such that 
(if - ade)|^ = 0. 

Proof. The proof is similar to the one of [13J, Proposition 8.4]. D 

Convention 2.7. Hereafter we suppose m > 3 for simplicity. 

Theorem 2.8. Der"(0(2)(i)) ^ E^ev I^ad(a,). 

Proof. Let 1^9 be a homogeneous derivation of degree i < 0. From Lemma 12.61 we 
may assume that fiQ^^^l)-! + T) = 0, where 

T = spanpjTy = Tii{xiXi, ~ XjXy) | i, j e Yq, i ^ 3} 

is a torus of fl^^Hl) (see Remark [2. 3p . Since fl^^^l) is generated by B^^HD-i ® 
B^^HDij '^6 may assume that t e { — 1, —2}, and only have to show v?(fl(2^(l)i) = 0. 
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Case 1: t — -2. We can assert that ip{Tii{x^^^^^)) = 0, for any i € Yq. 
Assume that 

rGY 

Applying (p to the equation 

[TH(x(3-')),TH(a;(^'=)x,0]=0 
where i,j, k € Yq arc distinct, we can obtain aji = a^ = 0, then 
(/?(Th(x^^'''^)) = Qidi + ajdj + Gi'di' + ak'dk'- 
Applying (p to the equation 

we obtain a^ = Uj = ai' = Uk' — 0. Hence ip{T-iiX^^'^'') = 0. 

From a direct and simple computation we can obtain that 9^'^'{X)i is generated 

by 

iSYo 

Hence (p = 0. 

Case 2: i = -1. We can assert that ip(Tii{x^'^'^''')) = and ip{Tii{x,,xy)) = 
i,j G Yq, i # j. 
Assume that 

^(Th(x(2-'))) = ^ brdr. 
rGY 

Applying </? to the equation 

where i, j, k G Yq are distinct, we can obtain bj = hji = bk = bk' ~ 0, then 

ip{Tu{x^^'^^))^b,d, + bede. 
Applying (p to the equation 

mfc,TH(x(2-'')]--2TH(x(2-')), 

we obtain bi — bii = 0. Hence (^(Tna;^^'^'^) — 0. 
Assume that 

Lp{T]i{xi>Xj,)) = ^ Cr5r. 
reY 

Applying 93 to the equation 

[T}i{xi>Xj,),Tij] = 0, 
we can obtain Cj = Cji = Ci = Ci' = 0, hence 

ip{T-ti{Xi'Xf)) = ^ Crdr- 

r<sy\{i,i' ■.3,j'} 
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For ?7i > 4, we can put k,l G Yq satisfying k ^ I, k,l ^ i,j. Applying ip to the 
equation 

[Tki,T}i{xi>Xj>)] = 0, 

we obtain bi = bii = 0. Hence ip{T-[i{xiiXji)) = 0. Note that ^'■^■'(Do is generated 

by 

Hence fiQ^^^Do) = 0. Consequently, 

By means of the transitiveness of the simple algebra, we have '/'(fl^^HDi) — 0- 
Hence (p = 0. From Lemma U^ the conclusion holds. D 

3. Derivations 

In this section, we will determine derivations of g, g*^^^ and g*^^-'. Firstly, we study 
the derivations of negative Z-degree for g, g^^^ and g^^\ by virtue of the same sub- 
jects of the restricted Lie superalgebra g'-^'d). Secondly, we discuss the normalizers 
of g, g^""^^ and g^^^ in W. Finally, we obtain the derivations of g, g*^^^ and g^^^. 

Lemma 3.1. Let M denote a subalgebra of g{s), l<k<s. If 

g(2)(fc)+FTH(a;(p''+^)"0^^ 

for some i, then g^^-*(A; + e^) C M. 

Proof. Observing that under consideration Q^'^' {k + Si) is a simple Z-graded subal- 
gebra of g{s), that is 

n 
r=-l 

where n = ^"Lip''^ — 4. From Lemma [^T^ we only have to prove that 

Mng(2)(fc + e,)„_i^(0). 

In order to accomplish this, we observe that: 
for 1 < a, 1 < 6 < p - 1, 1 < r < p 

''l-')^{'-')-r^l (mod,) 

holds. Assume inductively and without loss of the generality that M contains 



En 



^(,£-ei-e2 + {r-l)p'''ei)^iu-{l') 
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where 1 < r < p — I, i =/= 1,2 and 

£k = (p'^^ - l)ei + (/^ - l)e2 + ••■ + (/"- l)em; 



Then, we obtain 









^(£fc-£i-£2+»T''''e.)2."-{l'>-(i'> 



where B2 = liSk - Si - 62 + rp''-e^,uj - {!') - («')). 
By induction we obtain 



(£fc-ei-£2+(p-l)p'='£i)^W-(l'>-(i'> 



Th x^'---''^-''^+^p~'->p ^^>x' 



^(£fc-ei-e2 + (p-l)p'=>e.)^"-(l'>-(i'> 



9eB2 

e Af ^0(2)(fc + eO"-l• 
Hence the assertion holds. D 

Theorem 3.2. Let X he a 'Z-graded suhalgehra of g{m,m;t) containing Q^°°' and 
s be any element of N™ with t < s. Then 



Der-(X,0(s)) = spanF<^ {(adx(a,)f " | z G Yq, 1 < A:, < t,}U{adx{d,) \ieY} 
Proof. Let T be the torus of Xq mentioned in Remark 12.31 Then 



BeT-{X,g{s)) = ^ Der-(X,0(s))^ 

decomposes into the direct sum of T-weight spaces. Take d G Der~(X, 9(5))^ for 
some p ^ 0, and i e T with /i(i) j^ 0. For arbitrary u G X, we obtain 

p{t)d{u) ^ {t ■ d){u) = [t, d{u)] - d[t, u] = -[d{t),u]. 

Hence d = a,dx {— fJ-it)^^ d,{t)) e adxflU). According to t e T C Xq n Xq, we 
have d G spanp{adx(i9i) | z G Y}, thus we only have to determine homogeneous 
derivations d from X to g(s) of degree i < vanishing on given torus T of Xg. For 
g we have d{X^i) C fl(s)-i+t = 0, hence d{X n ker(ad9f )) C X n ker(ad9f ) and 
therefore d maps X n gd) into -'f n 0(1_). Thus d defines by restriction a derivation 
of fl^^Hl)- Applying Theorem 12.81 we obtain that d — ^ -g^ a^adcJi vanishes on 
fl^^Hl) for a suitable choice of at G F. Thus we may assume that fl^^Hl) C kerd. 
Take 1 < fc < i to be maximal subject to the condition g^^\k) C kerd. Then 

[q'-^\1), d{X r]7W{rn,m; k) n'S{m,m; k))] C diQ^'^^k)) = 0, 
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whence d(X r\~HO{ra,ra;k) nS{m,m;k)) C {D e Q{s)\[g'-'^^r) , D] = (0)} = 0. 
This is the claim ii k — t. Suppose k < t, and let i be an index for which ki < ti. 
Take E £ g(s) as E := TH(a::'^'''''+^''^')- Lemma IXT] proves that E ^ kerd. However, 
a computation shows that [i?,fl(fc)-i] C X n HO{m,rn;k) n S{m,m;k) C kerd, 
whence 

[d(i?),g(fc)_i]=0. 

This means d{E) e X^igy^^j- ^^ ™^^y assume that d vanishes on the torus T. 
Considering eigenvalues we obtain that there exists a G F such that 

d{E) =ad^>, ieYo. 

Thus d' = d — aad9f ' annihilates g'-^'(fc) +¥E. Lemma [Ql proves that d' annihi- 
lates 0*-^-'(fc + Ei). We now proceed by induction. 

Thus we may assume that fl^^-'d) C kerd. As above we then conclude d{X) = 
0. D 

Remark 3.3. We use the method for modular Lie algebras fl3i . Lemmas 5.2.6 and 
6.1.3] to prove Lem.ma \3.1\ and Theorem,[ 



By virtue of Theorem 13.21 we can determine the negative part of the derivation 
algebra of g, g*^^' and g*-^' as follows: 

Proposition 3.4. We have 

Der-(X) - span^{{{adx{d,)f'" \i eYo, 1 < h < t^} U {adx(9,)|i e Y}), 

where X — g, q'^^\ or g^-^K 

Now wc only have to investigate the nonnegative part of the derivation algebras. 
To do that, let us first consider the normalizers of g, g*-^', and g^'^K 

Lemma 3.5. Norvi/(X) nWfC (HOtnSt) t e N, where X ^ g, g'-^\ or g^^). 

Proof. Let X :— g, g^-^\ or g'-^\ Suppose 

2m 

E^J29A&^OTw{X)nWt, 
J=l 

where gj € 0(rn,m;t)t+i^ j G Y. Then there exists fi G 0{m,m;t)t+i satisfying 
A(/,) = 0, such that 

[^,,E]^^aif^),^i.Y. 

Note that 

2m 2m 

[d,,E] =J2d.{g,)d„ Th(/0 = 5](-l)^(^")P(/')9,(/.)a,v. 

We have 

a.fe') - (-ir'^'P^^''a,(/,), ZGY. (3.1) 
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Observe that 

Th(9.(/,)) = (-1)^«p(^^-)[Th(/,),Th(x,0] 

where i, j G Y. Smce [di, dj] = 0, we obtain the followmg equation: 

TH(a.(/,)) = (-l)^«^(^')TH(a,(/,)), *,J e Y. (3.2) 

Equations (P?T|) and ((X^ yield 

= a,(/,) - (-l)^W^(^)9,(/.) G kcr(TH) = F • 1. 
Noting that gk € 0{m,m:t}t+i, fc G Y, we obtain that 

(_l)MWp(/.)a^.(^^,) _ (_i)MWMa)+MO)p(/.)a^(g^.,) e F ■ 1 n 0(m,m;t)t. 

The assumption that t > yields 

Since p(/i) = /i(i) + p{E) + 1, it follows that 

d.{9r) = (-l)M*)A'0-)+(A'W+Mj))(p(is)+T)5^.(g^,). 
Hence E G I70. Since 

[9„£;] = THa)GX, leY, 

we obtain div[i9i, £^] — 0. By virtue of (|l.ip we have E ^ S. 

Hence Norw(^) n W^t C (iTOt n S"*), i G N. D 

Lemma 3.6. Lei _ff = spa'ap{Tii{xiXi') \ i G Yq}, hi — X]j=i ^^i't^j'- T'/ien 
NorM/(X) nWoCQo + H + ¥-hi, where X = g, g^^), or g^^). 

Proof. Let X :== g, g*^^', or g(^\ Let i? be a Z2-homogeneous element of Norvi/(^)n 
Wo. Then 

2m 2m 

i? = ^ ^ aijXidj , ttij G F. 



Given z G Yq, j G Yi and i ^ j' , we have TH(a;ia;j) G go Sind 

2m 

[Tu{xiXj),E] = (a^'i'Xj - aj'^'Xi-'^akjXkjdi' 



k=l 
2m 

+ (ai'fXj ~ afj'Xi + ^ akiXkjdf + ^ {avk'Xj - aj>k'Xi)dk' 

k=l k^ij 
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Let a; denote the coefficient of di in the right side of equation above. Note that 
[TB_ixiXj),E] eTTOn'S. Since p{[Tii{x^Xj),E]) = p(^), by virtue of the equality 

an elementary computation shows that 

(-l)P(^)a,, + a,,,, = a,, + i-l)P^''^a,,,, , z £ Yq, j G Yi, i ^ /. (3.3) 

Similarly, by virtue of equations 

and 

we obtain that 

aH = -(-l)^(''^P(^'a»'fe', i G Yo, fc G Y\{z} (3.4) 

and 

afe, =(-l)^W(P(^)+i)a,.fe-, jGYi, A;GY\{j}. (3.5) 

Case 1: If p{E) = 0, it is easy to see from p.3p - p.5p that 

au + ai'i' = ajj + ayy, i G Yq, j G Yi, (3.6) 

aki^-ai'k', i G Yo, fc G Y\{i}, (3.7) 

akj = i-ir^''^ayk', jGYi, fcGY\{j}. (3.8) 

Note that aij — 0, whenever fi{i) ^ /i(j)- We conclude from (13.71) and (13.81) that 

a,, = (-l)^«+^(-'"')a,.,., 1,2 G Y, z ^ j. (3.9) 

We may suppose by p.6p that ctii + a^'i' = a, for any i G Yq. Applying p.9p we 
have 

Ira _. 

^ = ^a,,a;,a, + -^(-l)^(^''a,jTH(x,a;y). 



2 



Moreover, 

2m 



^^auXidi = -^aiiTH(a;ia:i') + a/ii. 



1=1 8=1 

Hence £■ G flo + ^ + IF ■ /ii. 

Case 2: If p(-E) = 1, then aij — whenever i,j G Y and /i(i) = /^(j). By virtue 
of (|0)) and ((33t . we have 



afc 



, = (-l)^Wa,.fe., i G Yo, A: G Y\{z} (3.10) 
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and 

akj = a.'fc,, j e Yi, fc e Y\{j}. (3.11) 

Observe that (piU)) and ((XTT]) imply that Uki = {-IJ^^'^'^^apk', k,l eY. Therefore, 
we obtain that 

Now we obtain the desired resuh. D 

Note that HO{m,m;t) is an ideal oi HO{m,m;t) and S'{m,m;t) is an ideal of 
S{m,m]t). From the definitions we have the following 

Proposition 3.7. X is an ideal of HO{m,m;t) D S{m,Tn;t), where 

X = g(m,m;i),0(m, m;i)^^', or Q{m,m;t)'^'^' . 

In conclusion, we can obtain: 

Theorem 3.8. Noi-w{X) ^TTO nS ®¥ ■ hi, where X = g, g''^\ org^^). 

Proof. Suppose X := q, q'-^\ or g^^K Applying Lemmas 13.51 and 13.61 we have 

ISiorwiX) cTTOnS ®¥ ■ hi. Note that [/ii, TnCx^a;")] = {\u\ - 1)Th(x"x"), 
that is hi € Norvi/(-'^). Hence by virtue of Proposition 13.71 we obtain Notw{X) — 

Hon^^F-hi. D 

Remark 3.9. Let X = g, g^^^ or g^^K Suppose h := '^i^Y ^i^i- ^^ obtain ad/i 
is the Z-degree derivation of X, that is for all Z homogeneous element A (z Xi, 

[h, A] == iA. 

Note that h — — SjgY TH(2:ia;i') + 2/ii, where TYi{xiXii) G HOClS. We can obtain 

NoTw{X) = i7on^©F-/i. 

Finally we characterize the derivations of g, g*-^' and g'-^\ 
Theorem 3.10. Suppose X — g, g'-^\ or g'^^\ we have 

Der(X) ^ adx(HO nS ®¥ ■ h) ® sp(inJ^{{adx{^^))P'°' \i £ Yq, 1 < h <U}, 

where adh is the degree derivation of X . Moreover, 

Der(g) = Der(g(i)) = Der(g(2)). 

Proof. Consider ip e Der((X) where t > 0. By virtue of [ij, Proposition 2.4] there 
exists an element E G NorwiX) n Wt such that 

{^^adE)\x=0. 

Then the first part of the assertion holds from Proposition 13.41 and Remark 13.91 
Define 

(fii : Der(g) -^ Der(g(i)) 
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for (j) G Der(0). Obviously, (pi is a monomorphisni. Suppose (t>\g[i) = for any 
4> G Der(£|). We obtain 

[(/.(A),(flW)_i]c</.[A0('^] = o 

for any A € g. Then (j){A) e (g^^^)-!. Note that [(/)(v4), (fl(i))o] C (l)[A,g^^'>] = 0. 
Hence we have 4>{A) = and Der(g) = Der(g(^)). Similarly, Der(g(^^) = Der(0*^^'). 

D 



4. Outer derivations 

Let X — g, g'-^\ or g'-^\ We denote the outer derivation algebras Derout(-''^) := 
Der(X)/ad(X), which will be determined in this section. Recall a.dh is the Z-degree 
derivation of X , where h = SigYo^i^i- For future reference, we state the following 
results. 

Lemma 4.1. The following statements hold in DeTO{m,m;t): 

(1) [df' , df] = 0, ^, J e Yo, 1 < A:, < i„ 1 < fc, < i,; 

(2) [h,df]^0, leYo, l<h <U; 

(3) [df\HO] CHO, i e Yo, 1 < fc, < t,; 

(4) [h,lTO] CHO; 

(5) [df\TH{a)]=TH{df\a)), z e Yq, 1 < A, < i„ a e 0{m,m;t); 

(6) [5f',:S]cy, zeYo, l<fc^<i,; 

(7) [h,S]cS'; 

(8) [/i,TH(x,x,,)]=0, jeYo. 

Proof. (l)-(5) are the direct consequences of [10|, Lemma 16], (6)-(8) are obvious. 

D 

Lemma 4.2. The centralizers of X in W are zero, where X — g, Q^^' , or g"'. 

Proof. Suppose E — J2i=i '^A is a centralizer of X in W, where a^ G 0{m,m;t). 
Since 

[E, dj] = 0, for aU j e Y, 

we have a^ G F. Since 

[E, Tii{xixi> - XkXk')] = 0, for all /, fc G Yq, I ^ fc, 
we have a; = ac = a^ = a^:' = 0. Hence E = 0. D 

Now we establish the relationship between Derout(-^) and the quotient algebra 

(HOn^)/x. 
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Theorem 4.3. The outer derivation algebras 

Derout(^) = L® {HO n 'S)/X, 

where 

L := (F-/i®spaiij.{(adx(5,)f'°' I ie Yo, I <h <t,} ® X) / X 
= F-/i®spanF{(adx(9j))P'°' I i e Yo, l<h<ti} 

is an Abelian Lie superalgebra. Moreover (HO n S)/X is an ideal of DeTo^tiX), 
where X = g, g^^\ or g^^^. 

Proof. It is similar to 10, Theorem 18]. D 

Remark 4.4. Suppose M, Ni, N2 are subspaces of a vector space V. If N = 

Ni © N2 and Ni C M, then M f] N ^ Ni® M f] N2. 

Proposition 4.5. TTO (I'S = Q®¥T-ii{xjXj') © spanj.{x(^'^')9i' |i G Yq}, for any 

Proof. At first, we assert that for any j G Yq, 

'S^S'®¥Tii{xjXj,). 

Note that 

div{Tii{xjXj>)) = -2, j G Yq. 

It is sufficient to show that S C S' ®¥Tii{xjXj'). For any A G S*, there exists a G F 
such that div(A) = a. Hence div(A + ^TnlxjXj')) = and A G S" © ¥T}i{xjXj'). 
From [id, Proposition 20], we know that 

Ho = HO ®spaiij,{x'-'''^'^di' \i£Yo}, 

hence 

TTO nS = HO nS (B spa^lr{x'^''^^^'>^^> \ iG Yq}. 

Moreover, 

710(13 = 5® ¥Tu{xjXj') © spanF{a;(^'^')a,v | i £ Yq} 
for any j G Yq . D 

Corollary 4.6. Derout(0) = Lffl (0fflFTH(a;jXjO ©spanj-jx^'^'^'^c*,' | i G Yo})/0, 
/or an?/ j G Yq , where 

(0 © spanpjx^'^''''^^,' I i G Yo})/0 

is just the odd part of Derout (0) and 

L®{¥Tii(xjXj,)®g)/g 

is the even part. 

Proof. This is a direct consequence of Theorem 14.31 and Proposition 14.51 D 
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Let A, B be Lie superalgebras. Recall that A t<^ B is the semidirect product of 
A and B with a homomorphisni ip : A ^- Der^B. Let id denote a t-^ a, a ^ A when 
A is the subalgebra of Dei^B. 

Put I. := S™ j^ii — m. Let G :— Gq® Gj be a Z2-graded vector space over F, and 
{h-i,ho,hi, . . . , hi,} be an F-basis of Gg, {gi, ■ ■ ■ ,gm} be an F-basis of Gj. Then 
G is a (S™ j^ti + 2)-diincnsional Lie superalgebra by means of 

[h-i,gj] =0, j = l,...,m; 

N,5j] = -2.gj, j = l,...,m; 

[hi,gj] = 0, i = l,...,t, j = l,...,m; 

[ft.i,/ifc] = [gj,gi] =0, i,fc = -l,...,i; j,/ = 1,...,TO. 

Hence we have 

G = C(G)®F/io©Gi, 

where C{G) is the center of G and 

(1) C(G) ® F/iQ is the even part of G; 

(2) Gj is an Abelain subalgebra of G; 

Obviously, ad(C(G) F/iq) is a subalgebra of Der(Gj). We can obtain 

G ^ ad (C(G) e F/io) KidGi. 

Theorem 4.7. T/ie outer derivation algebra Derout(fl) Js isomorphic to the Lie 
superalgebra G. 



Proof. By CoroUarv 14.61 we have 

Derout(0) =i© (fl©FTH(xja;j,)©spanF{x('''^*)ai' | i G Yo})/0, 

for any j E Yq. From Lemma [4.11 we know that both (g © spanj.{a;'''^'^'^9i' | i G 
Yo})/fl and L ® (FTh (.Tj Xj' ) © 0)/0 are Abelian. A direct computation shows 
that 

[hx^'^^^'^df] = -2x^'^'^^^dj' j e Yo; 

e HOnS' ^g i,j EYol<h<ti. 

Now one can easily establish an isomorphism from Derout(0) to G. D 

Now we consider the relationship among Derout(0), Derout(0'^^') and Derout(0*-^^)- 
Proposition 4.8. The following statements hold: 

Derout(0^'') = Derout(fl) ©0/0''\ 
Derout(0('^) = Derout(fl(')) ©0('V0^'^- 
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Proof. Define 

(j):L(B(HOnS)/Q^^^ -^ L®(HOnS)/5 
A + 0(i) -^ A + g. 

Note that cj) is a monomorphism, and ker((/)) — g/fl'-^-'. By Theorem 14.31 we obtain 

Derout(B^^^)/ker(0) = Derout(s)- 

Applying Corollary 14.61 we can obtain, for any j G Yq, 

Derout(0) = L®{B®¥Tii{xjXj>)(Bspanf{x^''^'''^d^>\ieYo})/B 

= L®{g'-^^(S¥Tii{xjXj,)®spaiif{x^''''^^di,\i€Yo})/9^^\ 

which is a subalgebra of Derout(fl'^'') by means of Lemma HTT] Hence we obtain 

Derout(fl^'^) = Derout(0)®fl/fl^'^. 

Similarly 

Derout(fl^'^) = Derout(0('^) ©fl^'Vfl^'^- 

n 

Put ||?i|| = |7r| — (Ei/guTTi) + |u| — 2, u e B(to), i G Yq. Now we can define G^ := 
G© A(to), where A(?ti) is the exterior superalgebra. G' has a Z2-grading structure 
induced by the Z2-grading structures of G and A(m), then G^ is a (E™ ^^^ + 2 + 2™)- 
dimensional Lie superalgebra by means of 

[ho,x"]^\\u\\x"; 

[/ij,a;"] =0, i = l,...,t; 

[g,,x"] = {-lf^"'>S,,eux"~^''K i = 1, . . . ,m; 

[x\x-]^Q, 

for all x^,x^ G A(to), and (—!)('■") is determined by the equation di'{x") = 
(_l)(i>")2;"-{«'>. Obviously, ad(G) is a subalgebra of Der( A (to)) and 

G^ ^ad(G) XidA(m). 

Recall 2ti = {Tii{x^"^ x") \ I{a,u) = I{a,u) = 0} is a Z2-graded subspace of g 
with ai = ^10 © 2ln, where ^^g ^^iDgg, 6 = 0, 1. Notice that g = g^^) ® ^i. 

Theorem 4.9. The outer derivation algebra Derout(g ) is isomorphic to the Lie 
superalgebra G^ . 

Proof. From Proposition|THl we know that Derout(g*-^'') — Derout(g)©g/g^^''- Notice 
that g^"'^^ is an ideal of g. Applying Lemma [4.11 and Theorem 14.71 it is sufficient 
to consider the operation between Derout(g) and 2ti. By the definition of 2ti we 
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know 2ti is spanned by the elements with the form Tii{x'^'^^'^^'-' ^'^'^'''^''^^ x"), a direct 
computation shows that 

[/iTH(x('^^(^-'^"'^'-^-»a;")] = ||u||TH(x(^-(^'-'E"'^'-^-»a;"); 
[9f ',Th(x('^-(^^'^"-'^^'^»x")] c 0(i\ z e Yo, 1 < fc, < t.; 

Note that [2ti,2li] C g*-^-*. Hence we can easily establish an isomorphism from 
Derout(0(^)) to G\ D 

Put G^ := G^ © F/. Define the even part of G^ as follows: 

Gl = Gl® ¥f if m is even, 
G^ = Gj3 if TO is odd. 

Then G^ is a (S™ j^i^ + 3 + 2'")-dimensional Lie superalgebra by means of 

[h-i,.f]=2f; 

[hoJ]^-Af; 

[hi,f] =0, i = l,...,t; 

[giJ] = 0, i = l,...,m; 

[x",/]=0, a;"eA(m). 

Moreover, G^ = ad(Gi) Kid F/. 

Recall g(i) = g^^) ^ (g(i))5_4 and 

(0«)5_4 = spanJTH(x(^'^')x"-<^'>- ^ r;(x(--^'):r"-<^'>)) jGYoJ. 

Notice that dim(g(^))^_4 = 1. 

Theorem 4.10. The outer derivation algebra Derout(0 ) is isomorphic to the Lie 
superalgebra G^ . 



Proof. Similar to Theorem 14.91 it is sufficient to consider the operation between 
Derout(0'^^) and (0(^))5-4- For any 

^ reYo\{i} ^ 

where a G F, we can obtain: 

[TH(a:,a;,0,M] = 2M, ie Yo; 
{hM\ = -AM; 

reYo\{»} 

e0^'\jeYo; 

Note that [2li, (0^^-')5-4] = 0. Hence we can easily establish an isomorphism from 
Derout(0('))toG2. D 



[5j''',Af] ==TH(a;(''-p'"'^-''')x"-<*'> - ^ rj,(a;('^-p''^^ -"x" 
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